Abstract-This paper studies the channel estimation and equalisation of orthogonal frequency-division multiplexing (OFDM) systems over doubly selective channels. We consider practical channel estimation schemes based on basis expansion model (BEM) and clustered pilots. We investigate the influence of the parameters of the channel estimation scheme, including the dimensionality of the BEM basis and bandwidth chosen for the frequency-domain (FD) channel matrix. We address the performance degradation of linear and nonlinear equalisation due to imperfect channel estimation and study the usage of regularisation to enhance the performance. The numerical results show that regularisation can effectively enhance the detection performance.
I. INTRODUCTION
Orthogonal frequency division multiplexing (OFDM) has developed as a key technology for wideband digital communications, which has been widely used in different systems, such as digital television and audio broadcasting, DSL Internet access, wireless networks, and powerline communications [1] . OFDM has the advantages of low-complexity frequency-domain equalisation and flexible resource allocation in frequency-selective channels. However, one of the main challenges of OFDM in practice is its high sensitivity to Doppler spreads, which may be caused by movements of the transmitter or receiver. Such Doppler spreads lead to corruption of the orthogonality among the subcarriers and induce inter-carrier interference (ICI). This poses challenges for pilot-assisted channel estimation due to the mixing of pilot and information-carrying data across the subcarriers [2] , [3] . Furthermore, single-tap equalisation is no longer optimal for signal recovery.
The number of channel coefficients need to be estimated is significantly increased for OFDM in doubly selective channels due to time variation. A useful approach to reduce the number of parameters to be estimated during channel estimation is to adopt the basis expansion model (BEM), which represents the time series of different channel tap coefficients on a given set of basis, such that a reduced number of free parameters are sufficient to approximate the time-varying channel coefficients. As a consequence, the pilot overhead can be reduced. Such BEM may be constructed from channel statistics, such as complex-exponential BEM (CE-BEM). Generalized complexexponential BEM (GCE-BEM) may be used as well, which employs a set of complex exponentials that are more closely spaced in the frequency domain than CE-BEM.
The tasks at the receiver side include the estimation of the frequency-domain channel matrix and the recovery of the transmitted signal. In this paper, we will investigate the choice of the dimensionality of the BEM and bandwidth of the frequency-domain channel estimate, which have significant impact on the quality of channel estimation and equalisation and also the complexity of the signal processing algorithms. We will also investigate the design of equalisers. We show that the widely used zero-forcing (ZF) equaliser suffers from significant error floors when the ICI is significant. We show that the regularisation technique can be used to effectively lower such error floor. We also show that regularisation can be combined with the nonlinear decision feedback equaliser (DFE) based on sorted QR decomposition (SQRD). Equalisation in a segment-by-segment manner can further reduce the complexity without compromising performance.
Notation 
where
is the time-domain received signal,
• n (t) and n are the time-and frequency-domain additive white Gaussian noise (AWGN) with variance σ 2 ,
• H (t) ∈ C Ns×Ns and H = FH (t) F H are the channel matrix in the time and frequency domain, respectively.
Assume a doubly selective channel with maximum channel tap number L + 1. The time-domain channel matrix H (t) can be written as
(2) where h l,ns denotes the value of the l-th tap coefficient at the n s -th sampling period. If the channel is time-invariant, h l,ns is constant for n s , H (t) is circulant and H is diagonal. In this scenario, a simple channel estimation and equalisation scheme can be used at the receiver to recover the transmit signal x. However, time variation of the channel destroys the circulant structure of H (t) and leads to non-diagonal H [4] and ICI, requiring more sophisticated channel estimation and equalisation schemes.
In order to alleviate the ICI, time-domain windowing can be applied at the receiver. The resulting frequency-domain received signal can be rewritten as y = Fdiag{w}H (t) F H x+ Fdiag{w}n (t) , where w = [w 1 , · · · , w Ns ] T defines the type of the window.
B. BEM Channel Model
For the l-th tap of the channel,
T . The BEM models the time-varying channel coefficients by
i.e., ⎡
. . .
is the basis matrix that collects J + 1 basis functions b j , c l is a coefficient vector of length J + 1, and l is the corresponding BEM modelling error.
For the length-(L + 1)N s vector
T that collects all the tap coefficients, we can further show that
where c is a length-(J + 1)(L + 1) vector collecting all the BEM coefficients and is the modelling error. Given the basis matrix B, the channel is characterized by the BEM coefficients c. Different BEM bases can be used. A widely used basis is CE-BEM, defined by [B] p,q e (j2πp/Ns)/(q−J/2) [5] , which sets the basis functions as complex exponentials, whose period equals to the length of the considered interval. This basis is easy to construct but may lead to a large modelling error. Other
, which uses a set of complex exponentials that are more closely spaced in the frequency domain than the traditional CE-BEM. Another choice is the polynomials-based
, whose performance is rather sensitive to the Doppler spread. There is also the choice of DKL-BEM [8] , which uses a reduced-rank decomposition of the Doppler spectrum. This basis requires the statistics of the channel, which is difficult to obtain in practice. Note that the window w used at the receiver can be incorporated into the BEM design and the windowed basis matrix is constructed as B = diag{w}B. When windowing is not considered for the BEM construction, B =B is chosen as the original BEM basis matrix.
Three different bases, i.e., CE-BEM, GCE-BEM and P-BEM with and without windowing, are compared in Fig. 1 in terms of MSE BEM = E{|| || 2 }, where the typical bathtubshaped Doppler spectrum [9] is assumed for the time-varying channel, and the windowing function is set as the MBAE-SOE window [10] . From the results shown, we can observe that BEMs have small modelling errors at lower Doppler spreads and GCE-BEM is more robust against the Doppler frequency. In the following, we will focus on windowed GCE-BEM with fixed K b = 2.
III. PILOT-ASSISTED CHANNEL ESTIMATION AND REGULARISED EQUALISATION
In this section, we first introduce pilot-assisted channel estimation based on the BEM channel model. We then discuss linear and non-linear equalisation using the estimated channel and introduce regularisation schemes to improve the equalisation performance.
A. Pilot-Assisted Channel Estimation
Due to ICI, traditional pilot insertion [11] will suffer from interference between information-carrying subcarriers and pilot subcarriers for time-varying channels. In order to tackle this challenge, clustered pilots, which are known to both the transmitter and receiver, are used. Following [5] , we assume that M pc equi-spaced pilot clusters, each of length L pc , are interlaced with information symbols.
The frequency-domain system model can now be rewritten as
where n and δ are the noise and error due to BEM modelling error, respectively. D j is a circulant matrix whose first column is the frequency response of the j th basis function, i.e., D j = Fdiag {b j } F H . Δ j denotes a diagonal matrix whose diagonal is the frequency response of the BEM coefficients corresponding to the j -th basis function, i.e., 
. Applying the least squares (LS) technique, the BEM coefficients are estimated as
Based on the estimated BEM coefficients c and the preset BEM basis, we can then reconstruct the estimated time-domain channel coefficients:
which can then be used to construct the estimate of the frequency-domain channel matrix.
The frequency-domain channel matrix estimate H is nondiagonal due to ICI but the most significant entries are concentrated around the main diagonal [12] . In order to reduce computational complexity, we approximate the estimated channel matrix as a banded matrix as
where Z K is an N s × N s matrix whose main diagonal, K sub-diagonals and K super-diagonals are all ones, with the remaining entries being zero.
B. Regularised Linear and Non-linear Equalisation
This section introduces equalisation designs that are based on the estimated channel, including the linear ZF equaliser which exhibits lower complexity and the nonlinear decision feedback equalisation based on SQRD, which achieves better performance.
The ZF equaliser estimates the transmitted signal from the frequency-domain received signal y by
where the ZF equaliser is computed as
The ZF equaliser can mitigate the ICI but may suffer from significant noise amplification, which leads to poor overall performance. In order to improve performance, decision-feedback equaliser (DFE) based on QR decomposition (QRD) can be used. This can be done by firstly finding the QRD of the channel matrix,
where Q has orthogonal columns with unit norm and R is upper triangular. Multiplying the received signal y with Q H yields y = Q H y = Rx + η.
As Q is an unitary matrix, the statistical properties of the noise term η = Q H n remain unchanged. Due to the upper triangular structure of R, the n s -th element of y is given by y ns = r ns,ns · x ns + Ns i=ns+1 r ns,i · x i + η ns (14) and is free of interference from x 1 , · · · , x ns−1 . Assume a descending detection order, i.e., x Ns is estimated first, followed by x Ns−1 , etc. The decision-feedback estimate of x ns is then given by
where Q[ x i ] denotes decision of x i according to the constellation of x i . The detection order is crucial due to the risk of decision error and error propagation. It can be modified by permuting elements of x and the corresponding columns of H Z prior to the QR decomposition, leading to the sorted QRD (SQRD)-based nonlinear equalisation [13] [14] . Both the linear ZF and SQRD-based DFE can perform poorly when the channel is ill-conditioned and the channel noise and channel estimation errors are significant. One useful way of improving the performance is to apply regularisation techniques. For the ZF equaliser, a regularisation design is to add a diagonal loading factor to the Gram matrix of (11), and estimate x as
where δ r is the regularisation parameter. This approach has the same spirit as diagonal loading (DL) and the shrinkage approach to covariance matrix estimation. Similar treatments have been widely used for various linear inverse problems.
The parameter δ r must be chosen properly to achieve a good tradeoff between bias and variance of the signal estimation such that the overall performance can be improved. It is difficult to find a closed-form expression of δ r . Instead, we set a small candidate set of δ r and use each candidate to produce a candidate estimate x δr of the transmitted signal x and find the decision based on the constellation used. The optimal parameter is then chosen to minimize the residual of fitting the decision of transmit signal into the frequencydomain system model, i.e.,
In this way, a better performance may be achieved at the cost of increased complexity. The above regularisation design can be extended to the nonlinear DFE based on QRD. In this case, instead of finding the QR decomposition of H Z , we perform the QR decomposition of the extended channel matrix
The equalisation process is then following the same way as in (13)- (15) by using Q 1 and R. Similarly, we can optimize the estimation order by finding an optimized permutation matrix using the SQRD algorithm [14] . Note that in the regularised designs, the regularisation parameter δ r is adaptively chosen to account for the instantaneous realizations of noise, ICI and error due to channel estimation, which are time-varying and unknown to the receiver (even their statistics may be obtainable when the statistical model of the system is known).
In OFDM systems, the number of subcarriers N s could be a large number, which results in a high computational complexity of equalisation in doubly selective channels. Recall that clustered pilots are used for estimating the channel due to ICI, which naturally divide the overall received signal into multiple segments, and each can be used for recovering a segment of the transmitted symbols with low interference from other segments. In this case, a segment-by-segment strategy with segments separated by the pilot clusters can be used for equalisation and the overall complexity can be reduced. We may further decrease the size of each segment for further complexity reduction.
IV. NUMERICAL RESULTS
In this section, we present examples to demonstrate the performance of the investigated channel estimation and equalisation schemes. The number of subcarriers is fixed to N s = 256. There are M pc = 6 equidistance pilot clusters uniformly inserted into the OFDM symbol. Each pilot cluster contains L pc = 9 pilot tones following the FDKD scheme [5] which contains one non-zero symbol at the cluster centre and zero symbols at both sides. This provides a guard between information carrying symbols and pilot symbols. The received symbols at the cluster centres are due to pilot symbols only and can thus be used for estimating the channel. The typical bathtub-shaped Doppler spectrum [9] is assumed. We follow the algorithm of [10] to generate the time-varying channels for the assumed Doppler spectrum. Furthermore, we assume the channel has L + 1 = 6 taps with normalized Doppler frequency
where v denotes the velocity, f c the carrier frequency, T s the sampling period, and c the speed of light. f d = 0.2 and f d = 1 are considered in our work to represent slowly and rapidly varying channels, respectively. The channel noise is assumed to be AWGN. The time-domain received signal is shaped by the MBAE-SOE window of [10] .
A. Influence of the BEM
The overall performance of the introduced OFDM system depends on the choice of BEM parameters and the assumed bandwidth K of the frequency-domain channel matrix through the resulting modelling error and channel estimation error. Fig.  2 shows the influence of the dimensionality J of the BEM basis. From the results, it can be seen that increasing the basis dimensionality can reduce the modeling error. However, this increases the number of BEM coefficients {c l,j } to be estimated, where the number of pilots for estimation are definite. Therefore, it can degrade the quality of estimation given the fixed number of observations on the pilot subcarriers. As a consequence, the overall channel estimation performance first improves as J increases due to the improved modeling accuracy but then degrades as J increases due to the less accurate estimates of the BEM coefficients. It is shown that J = 4 is sufficient to approach the best BER performance.
We also consider the influence of the bandwidth K of the frequency-domain channel matrix estimate. In general, a larger K is needed to account for the more significant ICI in a more rapidly varying doubly selective channel with a larger f d , which also indicate a higher signal processing complexity. Applying windowing to the time-domain received signal can alleviate ICI and thus reduce the bandwidth K needed for modeling the ICI. From Fig. 3 , a small value of K is sufficient for different Doppler frequencies for optimizing the BER. In order to achieve a good performance-complexity tradeoff, we choose K = 2 in the following.
B. Regularised Equalisation
We now show the BER performance with different equalisation designs. As discussed in Section III, adaptively selecting the regularisation parameter can improve performance. In this paper, we set the candidates of the regularisation parameter as {10 −1 λ, 10 −2 λ, 10 −3 λ, 10 −4 λ, 10 −5 λ}, where λ is the average of the diagonal entries of the Gram matrix H H Z H Z , which is also equal to the average of the eigenvalues of H H Z H Z . Fig. 4 and Fig. 5 show the simulation results for both ZF and SQRD. We also compare the performance achieved with the optimally chosen regularisation parameters and that with the practical parameter choice of (17). It can be seen that for both slowly and rapidly varying channels, regularisation can significantly improve the performance of the ZF and SQRD equalisers. Their closeness indicates that the gain of regularisation can indeed be claimed in practice.
We also show the performance of segment-by-segment equalisation in Fig. 6 . Two designs are compared: 1) the overall equalisation scheme based on the entire received signal and full channel matrix; 2) the segment-by-segment equalisation with segments separated by pilot clusters. It is seen that, in addition to the complexity advantage, segmentation can slightly improve the performance of regularised equalisation, which may be attributed to that the regularisation parameters are adapted to each segment.
V. CONCLUSION
In this paper, we investigated the performance of OFDM systems employing BEM-based channel estimation. We discussed the effects of the dimension for basis matrix and the bandwidth of the frequency-domain channel matrix. We also considered linear and non-linear equalisers and introduced regularisation schemes to enhance the performance. The numerical results indicate that for given basis dimensionality and bandwidth, regularisation can significantly improve the equalisation performance. Furthermore, the gain due to regularisation can be achieved with the reduced-complexity segment-bysegment scheme.
